A three dimensional attractive Bose-Einstein Condensate (BEC) is expected to collapse, when the number of the particles N in the ground state or the interaction strength λ 0 exceeds a critical value. We study systems of different particle numbers and interaction strength and find that even if the overall ground state is collapsed there is a plethora of fragmented excited states that are still in the metastable region. Utilizing the configuration interaction expansion we determine
I. INTRODUCTION
Attractive trapped Bose-Einstein Condensates (BEC), since their first realization [1, 2] , have gained increasing attention, due to the interesting phenomena they exhibit [4, 5] . In three dimensions a salient feature is the collapse of the condensate when the (negative)
interacting energy per particle, is too large to be compensated by the kinetic energy. The attraction brings the bosons so tightly close that the spatial extension of the wave function of the system shrinks to a point and the condensate eventually implodes [7] [8] [9] [10] [11] . However, in trapped gases, metastable states, i.e., states that remain stable for some finite time, exist.
The metastability of the condensate is a critical phenomenon: if at a given interaction strength λ 0 , the total number of the bosons exceeds a critical value N cr or vice versa (see for example [13] ), the condensate will collapse.
Much work has been devoted to exploring the ground metastable state of attractive BECs and its properties (see, for instance, [6, [14] [15] [16] [17] ). Recent experiments have revealed new phenomena in attractive BECs that seem to go beyond the ground metastable state.
In particular, it was found that states with over-critical number of bosons exist [18] . It is natural to assume that excited states of the attractive BECs are involved. Furthermore, disagreements have been reported (see, e.g., [8] ) between the experiments and the predictions of the Gross-Pitaevskii (GP) theory on the critical value of the attraction strength, where the gas collapses. This motivates us to theoretically study excited states of attractive BECs.
We go beyond the standard Mean-Field (MF) theory in the expectation of a thorougher understanding of the role of excited states in the stability of attractive BECs.
To describe the statics and dynamics of a condensate one can adopt a mean-field (MF) approach, such as the famous Gross-Pitaevskii (GP) theory. The starting point of the GP description of a condensate is that all the bosons of the system reside in one and the same one-particle function (orbital) φ 0 (r) and hence the wave function Φ 0 of the system is merely a product of this prototypal orbital:
Φ 0 (r 1 , r 2 , . . . r N ) = φ 0 (r 1 )φ 0 (r 2 ) . . . φ 0 (r N ), (1) where N is the number of particles. The expectation value of the system's many-body (MB)
Hamiltonian evaluated with this trial function is E[Φ 0 ] = Φ 0 |Ĥ|Φ 0 . The orbital that minizes this expectation value is the optimal orbital and is found to satisfy a non-linear, partial differential equation, the famous Gross-Pitaevskii equation [19, 20] .
However, a GP ansatz is not, by definition, capable of describing fragmentation phenomena. The relaxation of the assumption that all bosons are condensed in φ 0 (r) has been found to lead to fruitful results: energetically favourable fragmented states [21] [22] [23] , excited metastable states with overcritical number of bosons [24] , fermionized states and new Mottinsulator phases [25, 26] . Under this generalized MF approach the wave function of the system is rewritten as:
Φ(r 1 , r 2 , . . . , r N ) =Ŝφ 1 (r 1 )φ 1 (r 2 ) . . . φ 1 (r n 1 )φ 2 (r n 1 +1 ) . . . φ 2 (r n 1 +n 2 ) . . . φ M (r N ), (2) whereŜ is the symmetrizing operator. In such a description and in contrast to the GP case, M ≥ 1 orbitals are allowed to be occupied by bosons. Within this multi-orbital Best
Mean Field (BMF) approach [21] the orbitals φ j of Eq. (2) as well as their occupations n j are calculated self-consistently, so as to minimize the total energy of the system. More specifically, the orbitals φ j are found to satisfy a system of M coupled non-linear differential equations, in place now of the GP equation. The wave function of the system [Eq. (2)], i.e., the symmetrized product of M different orbitals is sometimes called 'permanent', since it can be regarded as the permanent of a matrix (in direct analogy to the Slater determinant).
A condensate, described by Eq. (2) is − generally − a fragmented [27, 28] condensate, since the reduced one-particle density matrix will give 'signatures' in more than one eigenvalues.
So, within the BMF framework fragmented states are well described and a GP state arises as an extreme case, where none but one orbital is occupied by all N bosons. Some relevant work to the BMF approach, in favour of or against fragmentation of bosonic systems, can be found in Refs. [29] [30] [31] [32] [33] [34] [35] [36] [37] .
Going one step further, we write the wave function (ansatz ) of the system as a linear combination Ψ = i C i Φ i of different states Φ i (permanents), which are taken from a set {Φ i } of orthonormal permanents Φ i , each one describing a condensate (fragmented or not) of N particles. This set {Φ i }, which spans our configuration space, consists of all the permanents that result by distributing, in all possible ways, the N bosons over the M orbitals φ j . Such a state Ψ is known as a configuration interaction (CI) expansion [38] . In contrast to the BMF, a CI state Ψ can further describe purely MB phenomena, such as depletion and fluctuations of the states. The coefficients C i of the above expansion as well as the orbitals φ j are determined variationally. Owing to the detailed analysis of Ref. [39] there is a formally defined Multi-Configurational Hartree method for Bosons (MCHB) and an efficient way to determine the ground and excited states and their energies, i.e., the whole spectrum of a given Hamiltonian in a given configuration subspace of {Φ i }. The expansion coefficients {C i } are determined from the diagonalization of the respective secular matrix [38] while the one-particle wave functions φ j are obtained by solving a system of M coupled non-linear (integro-) differential equations [39] . The MCHB theory and its time-dependent counterpart have been successfully applied to a range of problems of one-dimensional ultracold boson gases, predicting various new phenomena [40] [41] [42] [43] [44] [45] . However, it is, to this day, not feasible to exactly solve the MCHB equations in three-dimensional problems. To overcome this difficulty in the present work, as will be later explained, we implement a restricted version of the MCHB theory, namely a CI expansion of permanents, built over a one-parametric one-particle functions set.
The complexity of a problem, in the framework of MCHB, depends firstly on the number M of the one-particle functions, that are to be determined variationally and secondly, on the symmetries of the system, which in general reduce the size of the configuration space.
Since a complete configuration space would be infinite-dimensional, the space of the orbitals (and hence that of the permanents) has to be truncated and limited down to a relatively small number M, so that real calculations can be performed. Besides this limitation of the configuration space, we imply another constraint on the one-particle wave functions φ j ; we suppose that the one-particle states can be well approximated by wave functions − ansätze − that are completely known, upon some real parameters σ i . In other words, we fix a priori the solutions of the system of M coupled non-linear differential equations to M mono-parametric families of complex wave functions and we then look for the values of σ i that 'optimize' the solution, i.e., values that assign an extremal value to the energy functional. These ansätze [13, 24, 46] are taken in our case after the (exact) solution of the corresponding non-interacting system, i.e., they are scaled Gaussians and inherit thus the symmetries of the original system.
In an earlier relevant work [35] Elgarøy and Pethick have derived and used a two-mode MB Hamiltonian, borrowed from the nuclear physics Lipkin model, to determine the ground state of an attractive trapped Bose gas. The modes correspond to the s-orbital Y 00 and the p-orbital Y 10 and the Hamiltonian matrix is constructed over the set of permanents | n = |n 0 , N − n 0 , where n 0 bosons reside in the s-orbital and N − n 0 in the p-orbital, N being the total number of particles. Then, by rewriting the Hamiltonian in terms of a quasispin operatorsĴ z ,Ĵ + ,Ĵ − they calculated the population at each mode, in the ground state. All the configurations | n are eigenstates of the quasispin operators with quantum numbers J = N/2 and J z = 1 2 (N − 2n 0 ). The ground state, in the range of the parameters where it is not collapsed, was found to be not fragmented. However the authors did not examine excited states, which as we shall show in our work, can carry angular momentum (or 'non-minimum quasispin' in the case of [35] ) and are metastable fragmented states that survive the collapse. Still, the work of Ref. [35] has stimulated the present extended and more complete study. By including all the p-orbitals in our configuration space, we are able to write the wave function of the system as eigenfunction of the true total angular momentum operators and hence restore the symmetries of the problem.
A set of relevant published works, where ultracold bosonic systems are examined with methods beyond the MF approach, includes Refs. [14] [15] [16] [17] . However they pertain to (true or quasi-) two-dimensional systems, where the description of the angular momentum basis is fairly different and simpler than the analysis on a fully three-dimensional system that we present here. In addition, they do not examine the stability of the system with respect to the fragmentation of ground or excited states.
To render our MB method more efficient we should take all the symmetries of the problem into account. The one-particle functions set M that we use, i.e., the set of the σ i -orbitals, see
Eqs. (9)-(11) below, consists of functions that have definite orbital angular momenta, m l and l, as well as parity (symmetry under spatial inversion). However one is more interested in the symmetries of the MB states Φ, since these will directly reduce the size of the configuration (Fock) space.
We principally aim at investigating how the total angular momentum affects the stability and fragmentation of the system. To achieve this we first have to answer on what are the MB states with definite total angular momentum. We, therefore, define the MB operatorŝ L 2 ,L z and their action on the permanents Φ i . We then look for a {Φ i }-basis of MB states that are common eigenstates ofL 2 ,L z . Once the new basis {Φ i } is known we can rewrite the state Ψ and the Hamiltonian of the system on this basis for given eigenvalues L, M L , i.e., over states with the same symmetry. In such a way the size of the new, rotated basis set {Φ L i }, with the index L meaning hereafter that the members of this set have the same angular momentum quantum numbers, is significantly smaller than the original {Φ i } and the calculations are further facilitated (see also Appendix A). We will show that a general state Φ k , with definite angular momentum L, M L , is a quantum MB state, i.e., a non MF state.
We should also stress the relevance of the 'yrast' lines to the present work. The term 'yrast' state (or level) has been coined to describe the lowest-in-energy states, for a given angular momentum, first in the context of nuclear physics [47] and much later in the physics of ultracold Bose gases [48] . Herein we do explore the yrast states of attractive systems but we, also, look at the excited, i.e., non yrast states, for given L, M L . However, the presence of attraction induces a subtle feature. Which state (ground, first excited, etc.) is accretided with the term 'yrast' will in principal change, as the absolute value of the interaction strength increases and the lowest-in-energy states start to collapse.
An equally important goal is to examine the stability and the properties of the ground and excited states of different angular momenta of systems of various λ 0 and N. To do so, we employ the natural orbital analysis; the findings strongly support that states with angular momentum different than zero [large or not, depending on the quantity λ 0 (N − 1)] can exist, with a total number of particles well above the critical number of particles N GP cr , as calculated from the GP theory. We verify, therefrom, the predictions of the BMF of Ref. [24] , that fragmented excited states exist and survive the collapse and we explain these features at the MB level.
The structure of the paper is the following. In Sec. II A we introduce our theoretical approach to (stationary) quantum bosonic gases and we define the MB and one-particle states that form the configuration spaces. In Sec. II B we give the expression for the total angular momentum operator, we derive a MB angular momentum basis, and we show how this partitions the configuration space. In Sec. II C we define the main tools of the natural orbital analysis of the MB states. In Sec. III the main results of this work, for systems of N = 12, 60 and N = 120 are presented; in Sec. III A MB states belonging to the same subspace L = 0 are compared, while in Sec. III B we examine ground states of different L-subspaces. In Sec. III C we further investigate the properties, namely fragmentation and variance of the expansion coefficients, see Eqs. (5) and (28) below, of the previously found metastable MB states. In Sec. IV we study the overall impact of the angular momentum on the state of the system with respect to its collapse, and we compare the role of the angular momentum within the MB and the MF theories. Last, Sec. V summarizes our results and provides concluding remarks. A set of relevant derivations are given in Appendices A and B.
II. THEORY
A. Preliminaries and basic definitions
We consider a system of N identical spinless bosons of mass m confined by an external time-independent potential V (r i ), and interacting with a general two-body interaction potential W (r i − r j ), where r i are the space coordinates of the i-th boson.
The Hamiltonian of the system is:Ĥ =ĥ +Ŵ ,
) the manybody interaction operator. In the present work we chooseV (r i ) =V (r i ), i.e., the trap potential has spherical symmetry. For the interaction operator we will use the common 
where Ψ = Ψ(r 1 , r 2 , . . . r N ) is the MB wave function of the system of N interacting bosons and E the eigenvalue of the operatorĤ, corresponding to the state Ψ. Even in the simple isotropic case analytic solutions for the MB Schrödinger equation are not known. Hence we will approximate the solution Ψ with a MB ansatz as an expansion over known states
where N p is the total number of permanents used in the expansion and C i , i = 
Here n j denotes the respective occupation number of the one-particle functions (orbitals)
Mathematically seen, the permanents |Φ are the vectors that span the Fock space F of all N-body wave functions. However it is possible to reduce the size of the 'working' Fock spaces, by partitioning the initial space into Π-and L-subspaces, i.e., spaces of permanents with definite parity and angular momentum. The purpose to do so is twofold; firstly the resulting solution |Ψ will possess the rotational symmetries of the system and secondly the working {Φ L i } spaces are each time much smaller in size than the initial {Φ i } one. Note that, while this partioning of the configuration space with respect to angular momentum L is trivial in a two-dimensional system, it is not straightforward in the full 3D case, that we examine here.
The MB HamiltonianĤ in the {Φ i }-basis is represented as a secular matrix H, with elements:
By diagonalizing, i.e., solving the equation
where C is the column vector of the expansion coefficient C = {C 1 , C 2 . . . , C Np } T and E the respective eigenvalue, we obtain the energies (eigenvalues) and coefficients (eigenvectors) of the solutions of the system. Note that the Hamiltonian in Eq. (7) is evaluated still in the full basis {Φ i } of permanents.
To complete the picture of our variational solutions, we give the one-particle function basis set, over which the permanents of Eq. (2) are constructed. This set of ansätze consists of the known orbitals that solve the isotropic 3D quantum harmonic oscillator, scaled under a scaling parameter σ i . Precisely, it consists of four orbitals: the ground l = 0 and the three l = 1 excited ones, which we scale with two parameters (σ 0 , σ 1 ), as have been already done in Ref. [24] . The parameters σ i will determine the shape (width) of the orbitals;
their optimal values are such that, for a given set of coefficients C, the total energy of the system takes an extremum. In this approximative way we restrict the solution of the system to functions that lie inside the monoparametric families of equations, which solve a scaled ordinary Schrödinger equation; the solution of a coupled system of nonlinear differential equations (MCHB equations) boils down to the determination of a set of parameters which minimizes the total energy.
In this work much of the analysis of the quantities of the system (energy per particle, occupation numbers, variances of expansion coefficients) is done with respect to the scaling parameters. So for example, we expect to see a (local) minimum in the plot of E(σ 0 , σ 1 ) against σ 0 , σ 1 if the system is metastable, while the absence of minimum will signal a collapsing condensate. Moreover, the analysis of the resulting MB states (depletion, angular momentum) is performed at the optimal values of the parameters σ i , i = 0, 1.
The orbitals that we use, in Cartesian coordinates, have the form:
where
and
are orthonormal orbitals, i.e., ϕ i |ϕ j = δ ij , i, j = 0, 1. Here m is the particle mass and ω is the trap frequency. Throughout this work the quantities used are dimensionless, i.e.,
In terms of spherical harmonics Y l,m l , i.e., under a change of coordinates, the orbitals of Eq. (9) are:
B. Angular momentum basis
It is easy to see that the orbitals of Eq. (12) We now want to express the total angular momentum operators at the MB level. For this purpose we switch to second quantization language and introduce the bosonic creation
, associated with the orbital set {φ i (r)} and which obey the usual bosonic commutation relations:
The total angular momentum operators are (see, e.g., [49] ):
creates (annihilates) a boson in the state φ lm l , with orbital angular momentum quantum numbers l, m l .
Applying Eq. (13) to our basis of Eq. (6) with M = 4 we get:
It can be easily seen that each permanent [Eq. (6)] is an eigenstate ofL z with eigenvalue
But what happens to the eigenstates and eigenvalues of theL 2 operator? To answer this, one has to solve the eigenvalue equation:
where L is the matrix representation of the operatorL 2 in the basis of permanents [Eq. (6)] with matrix elements
C is the column vector of the coefficients C i and Λ the eigenvalue in question.
A unitary transformation U will in general rotate the Φ-basis to a new Φ one. In this basis the secular matrix of Eq. (7) becomes:
where U i,j are the matrix elements of U. If U is simply the matrix of the eigenvectors of L then H takes on the desired total-angular-momentum block-diagonal form. The above mentioned vector spaces, that the bases {Φ i }, {Φ i } span, are homomorphic and can be written as the direct sum of the subspaces {Φ L i }:
We have numerically calculated the angular momentum states Φ i and the matrix transfor- 
C. Natural orbital analysis
The first order reduced density matrix (RDM) for the state |Ψ = n C n | n , Eq. (5), is defined as:
and the second order RDM: are defined as the eigenfunctions of ρ(r|r ′ ), i.e., the one-particle functions that diagonalize the right hand side of Eq. (22) and their eigenvalues are known as natural occupations ρ i . In our system, the spherical symmetry of the Hamiltonian induces a zero H-matrix element between states of different symmetry (angular momentum and parity).
Hence ρ ij is diagonal and the ansatz orbital-set of Eq. (9) coincides with the set of the natural orbitals {φ
i = 1, . . . , M, are the expectation values of the number operators associated with the orbitals φ i and are, as explained, the natural occupations ρ i of the respective natural orbitals. We define the depletion d i of the i-orbital as:
The depletion d i is an informative quantity which measures the relative number of particles that are depleted from the i-orbital. Throughout this work we extensively use the quantity d 1 and also refer to it as the s-depletion. The diagonal elements
are related to the variance of the distribution of the coefficients C i of a given state |Ψ , associated with the orbitals φ i , as:
The norm i . In the case of a mean-field state, where there are no fluctuations, |τ | is simply zero [58] .
III. MANY-BODY RESULTS
In this section we implement the many-body method described above, for systems of trapped ultra-cold gases. We present and discuss calculations regarding systems of N = 12, 60 and 120 bosons, embedded in a spherically symmetric trap. First, the interaction strength λ 0 is chosen each time such that the product |λ 0 |N is kept fixed to the value 10.104 [59] . This choice will permit a direct comparison of our results to those of Ref. [24] , where an attractive system of |λ 0 |N = 10.104 was also examined. Later on, also other values of |λ 0 |N are considered for the shake of completeness. In the following we examine states of definite angular momentum L, M L and positive parity Π only. The latter makes the total angular momentum of each state increase at an even step, i.e., L = 0, 2, 4, . . . , N.
A. Ground and excited states of the 'block' L=0 For each of the above systems we examine states with definite angular momentum. We first calculate the energy per particle ǫ = E/N of those states, as a function of the variational parameters σ 0 , σ 1 of the orbitals [see Eqs. (10) and (11)]. We then look for the minimum ǫ 0 of the energy with respect to these parameters. As mentioned earlier, the total absence of a minimum indicates unbound (total) energy and a collapsing system. Namely, as σ 0 , σ 1 → 0 the orbitals of Eq. (9) contract to pointlike distributions. When existent, the minima are expected to be local only; an energy barrier separates the metastability from the collapse regions. The shape of the energy barrier determines the tunneling time of the system through this barrier and − generally − the higher the barrier is, the longer the system is expected to survive in this state. The variation of σ 0 , σ 1 takes place over states of the same symmetry and hence the surfaces ought not to cross (see Fig. 1 . See also the theoretical discussion on non-crossing of energy surfaces in [50, 51] and references therein). Notice that, owing to the attractive interparticle interaction, the wave function of the system has to be spatially shrunk, compared to that of the non-interacting system; indeed the optimal scaling parameters of the orbitals, are always found to obey σ 0 , σ 1 < 1.
The first system studied is that of N = 120 bosons, with attractive interaction of strength λ 0 =-0.0842. The energies per particle ǫ(σ 0 , σ 1 ) of three distinct states of this system are collectively presented in Fig. 1 . We first pick the state with quantum numbers L=0 and M L =0 of the operatorsL 2 ,L z , respectively. We find that the ground state is collapsed (lowest surface in Fig. 1 ). As the introduction of Sec. I suggests, we expect to find excited, fragmented states that can survive this collapse. Indeed, an examination of the spectrum of the states of the Hamiltonian of Eq. (7) reveals that the |Ψ L=0 i=20 excited state is the first to demonstrate a minimum in the energy (middle surface in Fig. 1 ) and this makes it the yrast state, for this λ 0 and L. The optimal values of the sigmas are σ 0 = 0.72, σ 1 = 0.70, the minimum energy per particle for these values of sigmas is ǫ 0 = 1.37 and the s-depletion is The energy surface ǫ(σ 0 , σ 1 ) as a function of the scaling parameters σ 0 , σ 1 is plotted in Fig. 2 . A clear minimum can be seen, at σ 0 = 0.82, σ 1 = 0.81 and ǫ 0 = 1.59 manifesting a metastable ground state with L = 52, for the same system whose L = 0 ground state is found to be collapsed. We should stress here that the state we examine is the lowest in energy state of this L and so this makes it the ground (yrast) state of the problem.
In Fig. 3 As a direct generalization of the above, we can say that if, for some λ 0 the ground state with L = 0 of the N-boson system is collapsed, then there will be a ground state with angular momentum L > 0, large enough so as to survive the collapse. Further, if the interaction strength is increased, past some new critical value, this state will also collapse. 
Fragmentation
As mentioned, due to the symmetry of the Hamiltonian, the natural orbitals of Eq. (22) coincide with those defined in Eq. (9) Of special interest is also the change of the s-depletion as the system moves towards the collapse. To make this evident we have plotted on Fig. 4 an arrow marking the 'collapse path', i.e., the line that connects the minimum (green dot) with the saddle point (green square) of the energy surface, i.e., the maximum of the energy barrier. Along this path the system moves over the energy barrier towards collapse and it crosses contours of different ρ 1 ;
as collapse takes place the s-depletion of the state increases. We note that for large values of the scaling parameters, i.e., σ 0 , σ 1 ≫ 1 the s-depletion remains practically unchanged. 
have, for λ 0 = 0, the same energy, i.e.,
E[|Ψ
for all possible In the case of λ 0 < 0 and L 1 < L 2 Eq. (30) transforms to:
Namely, the decrease in the energy is larger in the state with the lowest angular momentum, when the attraction is switched on. This behaviour can be seen in the comparison of the states of different angular momentum L, on the right panel of Fig. 6 .
Summarizing, we see that the s-depletion is an informative quantity of the state, as it reveals information about the energy and the angular momentum, that |Ψ carries. The s-depletion of a particular metastable state remains almost fixed for σ 1 , σ 0 ≫ 1, while it changes rapidly as the system is driven to the collapse region of the surface. The s-depletion does not depend on the angular momentum M L . Among states with different symmetries (quantum numbers) that are energetically degenerate at λ 0 = 0, the attractive interaction favours energetically the one with lower L, hence smaller M L -degeneracy.
Variance
Besides the s-depletion of the condensate, the variances τ i and |τ |, defined in Eqs. (27) and (28), give information about both the structure of the stationary states and the dynamical behaviour of them. Although the calculation of time-dependent states are beyond the scope of this work, one can, based on the present results, comment on the expected dynamical stability of the states. In a fully variational time-dependent multi-configurational approach [40, 52] both the permanents and the expansion coefficients are time-dependent, i.e., |Ψ(t) = k C k (t)|Φ k (t) . As shown in Ref. [39] the expansion coefficients C k in |Ψ = i C i |Φ i comprise a Gaussian distribution on their own, of width characterized by variance |τ |. So, a state with a large value of |τ | will include a large number of coefficients C k in its expansion.
For this reason it is expected to be dynamically more unstable than a state with small |τ |.
To study the variance of the states |Ψ L we plot in Fig. 7 i.e., the system moves towards non MF states. The same happens to the s-depletion d 1 .
Note that, in all cases, the minimum value of |τ | and the optimum one (i.e., the value of |τ | at the minimum of energy) do not coincide.
In Fig. 8 
A. Many-Body predictions
In the previous section, we described the structure of MB states that have a definite angular momentum 0 L N. We showed that, generally, these states are fragmented 
i.e., the angular momentum of a ground state |Ψ L and the depletion of it differ only to some term O(τ ), that depends on the fluctuation (variance) of that state, which in turn depends on the strength of the interaction. In a non-interacting system the fluctuations are zero and
Interpreting the results of Fig. 10 we can say that for any value of the factor λ there will be some L > 0 such that the (ground) state |Ψ L i=1 is metastable. The critical angular momentum L increases monotonously with λ. The stability behaviour seems not to depend significantly on the number of bosons in the following sense: for small particle numbers the curves of Fig. 10 are slightly different, while for N ≫ 1 all curves converge, rendering in such a way the obtained results universal and independent of a particular choice of λ 0 or N. [24] they serve as parameters that are externally determined. In such a way one is free to choose the values for the set of the occupations {n 1 , n 2 , n 3 , n 4 } or {n 2 , n 3 } for given depletion d 1 and total particle number N. So, for example, the choice n 2 = n 3 = n 4 = 0, made in Ref. [24] , guarantees the sphericallity of the one-particle density [i. 
So, in accordance to its name, the mean-field state can provide only the mean angular momentum of the corresponding (i.e., same d 1 ) MB states.
Furthermore, one can calculate (Appendix B 2) the average momentum over, first, all the MF states |Φ and, second, over all MB states. It turns out that they are connected through:
So, the average angular momentum over MF states is found to be 
This result is taken in the limit N ≫ 1 (see Appendix B 2). Note that it does not depend on the value of λ 0 . This reflects the absence of fluctuations on a MF state, which do depend on the interaction strength λ 0 .
How isL M F related to the stability of the condensate? Recall first, that a system will survive the collapse if, for a given λ 0 , the number of particles that occupy the s-orbital stays below a critical number N cr [60] . This however does not forbid the total number N of bosons of the system to be larger than this critical number. Indeed a system can exist in a state with n 1 < N cr bosons occupying the s-orbital and N − n 1 occupying higher-in-energy orbitals. More precisely, any excitations of bosons to p-orbitals may increase the total energy of the system but will contribute to the total stability of it, since the excited p-bosons 'feel' less the interaction energy than the s-bosons. This is the reasoning behind the metasta- calculated from the relation: and n = n 2 = n 3 = n 4 the occupations of the p-orbitals. Equation (36) in the limit N ≫ 1 gives back Eq. (7) of Ref. [24] . Also, the numerical MF calculations for the critical numbers of a N = 120 bosons system, without using the assumption σ 0 = σ 1 , are presented in Fig. 10 , where N GP cr is the maximum number of bosons that, for a given λ 0 , can be loaded in a GP state without collapse. Here we use N = 60 bosons. The total particle number N GP cr is, of course, the number of s-bosons of the system. Obviously this critical number is decreased, as we move to the right of the x-axis of the diagram and hence we call this curve the 'critical GP'.
The 'bands' of MF and MB states depicted in Fig. 10 substantially deviate one from each other at small and moderately larger values of λ. This is nicely manifested in the difference between the MF and MB predictions of the collapse of the L = 0 ground state.
The collapse of the MB state appears to happen at a smaller value of the product λ than the one that the MF theory estimates. This reflects the overestimation of the impact of the angular momentum within the MF and puts the MB prediction closer to the experimentally measured values of λ (see Ref. [8] and also the discussion in Refs. [53] [54] [55] [56] Conclusively, we presented a way, Eq. (33), to connect the angular momenta of a MF state of the form |n 1 , n, n, n to that of the MB states with the same depletion d 1 . A nonzero angular momentum will result in a fragmented condensate [Eq. (35) ] which in turn will render the system more stable, with respect to the parameter λ. Those results are in agreement with the MB ones of the previous section.
V. SUMMARY AND CONCLUSIONS
In this work we constructed many-body states with definite angular momentum quantum numbers L and M L , for systems of N isotropically trapped bosons in three dimensions, interacting via an attractive two-body potential. These many-body states are written as an expansion (configuration interaction expansion) over orthogonal many-body basis functions (permanents). We represented the Hamiltonian and angular momentum operators as matrices on this basis and we looked for the states that simultaneously diagonalize them. In this representation the Hamiltonian has a block-diagonal form, with each block consisting of many-body states, with the same eigenenvalue of angular momentum. The one-body basis functions that we used are the wave functions (s-and p-orbitals) that solve exactly the linear (non-interacting) problem, each scaled under a parameter σ i , which we determined variationally. The rotational symmetries as well as symmetries under spatial inversion that the one-body basis functions possess are also present in the many-body states and reduce significantly the size of the configuration space. Due to the truncated one-particle basis set, the total angular momentum is restricted to 0 L N. To our knowledge this is the first time that a fully three-dimensional Bose gas in isotropic trapping potential is studied, with the many-body wave function of the system expressly written as an eigenfunction of both total angular momentum operatorsL 2 andL z , for L ≥ 0.
For a value of the parameter λ = |λ 0 |(N − 1) such that the L = 0 ground state of the system is collapsed, we have plotted the energy per particle ǫ(σ 0 , σ 1 ) of the ground and the excited many-body states, as a function of the parameters σ 0 , σ 1 . We have shown that metastable excited states of the same angular momentum can exist. Furthermore, for the same system, we demostrated the existence of metastable ground states with angular momentum L > 0 that can survive the collapse. These states would also collapse, if the (absolute value of the) interaction strength is further increased. The examination of the above states, in terms of the natural orbital analysis, revealed that the states are fragmented, with a substantial number of particles being excited to the p-orbitals.
We discussed why the s-depletion of a many-body state |Ψ bears information about the energy and the angular momentum of |Ψ . We found that the s-depletion of a metastable state remains practically fixed for σ 0 , σ 1 ≫ 1, while it changes rapidly as the system is driven to collapse. We have shown also that the z-projection of the angular momentum M L does not affect the occupation of the first natural orbital.
We have studied the dependence of the variance |τ | of a state on the parameters σ 0 , σ 1 and the quantum numbers L and M L . We saw that along the 'collapse path' the variance increases. The variance as a function of L − depending on the value of λ 0 − can increase monotonously or exhibit a minimum. We also found that as the quantum number M L increases the variance |τ | decreases.
To further investigate the impact of the angular momentum on the stability of the system, we plotted the critical s-depletion of the metastable ground states |Ψ L i=1 (yrast states) as a function of the quantity λ = |λ 0 |(N − 1). We showed the connection of the s-depletion to the critical angular momentum L, in both the mean-field and the many-body cases. We demonstrated that for any value of the factor λ there is some angular momentum L > 0 such that the (ground) state |Ψ L i=1 is metastable. The critical angular momentum L increases monotonously with λ and this behaviour is found to be independent of the particle number N, as long as N ≫ 1. We derived analytical relations for the expectation value of the angular momentum of a mean-field state, with equally distributed excited bosons, which allowed us to compare it with the corresponding results from the many-body approach. We have further demonstrated that the angular momentum of this mean-field state equals the average angular momentum of many-body states, with the same s-depletion.
Conclusively, we can say that for any particle number N and interaction strength λ 0 of an attractive condensate, there is some well defined quantum number L of the many-body angular momentum operatorL 2 such that the ground state of this system is metastable, i.e., exhibits a clear minimum in energy as a function of the shapes of the orbitals. Moreover, since the total angular momentum of the system is conserved, once the system is prepared in a ground state with L > 0 it can survive the collapse, and that for a particle number/interaction strength much beyond the corresponding ones of the L = 0 ground state.
We hope that our results will stimulate experimental research.
Appendix A: Size of Fock Space
The total number of the N-body basis functions (permanents) that can be constructed over a basis of M one-particle wave functions of Eq. (9) is [39] :
which for M = 4 becomes
Using the symmetries of the system we can reduce significantly this number and hence the complexity of the problem. Without loss of generality we assume that the particle number 
where H(x) is the unit-step function. The number of states |Ψ L in the block with some L is
where L is the quantum number ofL 2 and here it is assumed to be an even number. In case L is odd Eq. (A5) should read: N p = (N − L + 1)/2. Note that these relations hold for any
we obtain:
This is a homogeneous, second order recurrence (or difference) equation of the two independent variables n 2 , n 3 , with known non-constant coefficients.
In the above equations there are two free parameters n 2 , n 3 which are varied independently and these are also the independent variables of Eq. (B7). To reduce the dimensionality of the problem one can proceed by switching the representation of the permanents and their coefficients. Precisely, we can use a simpler representation for indexing the vectors |Φ in the expansion of |Ψ . Noticing that the action of the operatorL 2 on a state of Eq. (B2) involves only permanents of the form
where A general state becomes:
where i runs again over all permanents (B8). Similarly, acting operator Eq. (13) on Eq.
(B9) we get:
with A i = A(α − i, β + 2i), B i = B(α − i, β + 2i) and Γ i = Γ(α − i, β + 2i). Equations (B6) and (B7) become:
and For some choices of the parameters α, β, Λ, M L Eq. (B13) can be easily solved. In particular, for α = 0, β = N and M L = 0 we obtain:
where C 0 is to be determined from the normalization condition i |C i | 
Mean-field and average many-body angular momentum
We show here that the total angular momentum of a mean-field state, with equally distributed excited bosons n 2 = n 3 = n 4 ≡ n is the statistical average of the exact total angular momentum of the many-body states with the same depletion
Recall that 0 L N. Then, for a total number of N bosons there are N + 1 blocks (L-blocks) of the Hamiltonian matrix H, each with a distinct value of L. We want to calculate the average angular momentum L , among states |Ψ L n 1 with a given natural occupation ρ 1 = n 1 . We assume that in each L-block this occupation n 1 , as we move from the highest-excited state to the ground state, increases like
where k ∈ N indexes the state |Ψ The total number of states with occupation n 1 is:
due to theL z degeneracy. To include only even (or approximately even) occupations n 1 we sum on a step of two (the added term ', 2' in the upper limit of the sum denotes that step).
These states have total angular momentum:
The quantum number L i of each block simply increases like L i = i and hence
where N ′ = N − n 1 . In the limit N ≫ 1 we get:
The average over all MB |Ψ states, of all n 1 simply gives:
On the other hand, a MF state, with equidistributed excited bosons:
with n 1 + 3n = N, has no well-defined angular momentum quantum number L (except from the single case |N, 0, 0, 0 ). We can, though, calculate the expectation value on a state |Φ from Eq. (16) as:
for a general permanent
for the permanent of Eq. (B24). For comparison purposes, we define a pseudo-quantum
Hence:
For N ≫ 1, we get:
So, indeed the angular momentum of the MF state (B24) equals, under the assumption N ≫ 1, the mean angular-momentum of the MB states with the same s-depletion. Equation (B30) immediately gives back Eq. (35):
Now, the average angular momentum over the permanents of Eq. (B26) with the same n 1 is:
for N ≫ 1 and N > 3n 1 , whereas the average over all the permanents of Eq. (B26) reads:
also at N ≫ 1.
Last, we prove the condition for a MF state of Eq. (B26) to be eigenstate of the angular momentum operatorL 2 , already given in Sec. IV B. Let |Φ L be a single-permanent
where L(L + 1) is the eigenvalue ofL 2 for this permanent. Then from Eq. (16) (B34) are:
where N the total number of particles and M L = n 2 − n 4 the quantum number ofL z , as usual. Thus we see that the only permanents that can be eigenfunctions of the operatorL 2 are the permanents with quantum numbers restricted to:
Unless λ 0 = 0, Eq. (B40) serves as a necessary but not sufficient condition, for a MF state to be eigenstate of both the angular momentum operatorsL 2 ,L z and also the Hamiltonian N with 1 − N GP cr N , i.e., ρ 1 plays the role of the critical GP particle number at a given |λ 0 |(N − 1). The difference in the estimation of the factor λ cr = |λ 0,cr |(N −1) where the L = 0 ground state collapses is evident; the overestimated value of λ cr from the GP approach is larger than the MB one and puts the latter closer to the experimentally measured one [8] . The depicted stability behaviour does not significantly depend on the particle number N , making this behaviour universal (see text for more details). All quantities are dimensionless.
